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Chapter |- Curvilinear Motion

1) A particle describes a curve (for which s and ¥ vanishes simultaneously) with uniform

c V2

(c2+52)

speed V. if the acceleration at point be ( ) , prove that the curveis acatenary

Solution
Since the particle move with uniform speed so
V = § = constant (1)

By differentiating with respect to t, we can get

a,=5=0 2
Sincea = 'n..."ll(ﬂr): + (an): = (32-1:521 (3)
From equation (2) and (3) get
V: c VZ
a=ap= F = (P+s7) @
(c?+52)

So p="— ®)
S == 6

nce p = (6)
From equation (5) and (6) and separating variables can get

ds

f{fz +52) - J’dq.l (7)
By integrating both side the following form can get
ftan‘1 E = ? (8)
So s=ctan¥ the curve isacatenary
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2) Prove that the acceleration of a point moving in a curve with uniform speed is p¥ 2.Such
that p isthe curvatureand ¥ istheinclination angle.

If apoint describesacurve s = 4asin¥ | find its acceleration at any point S

Solution

Since the particle move with uniform speed so

V = § = constant 1)

By differentiating with respect to t, we can get

a,=5§=10 2

Sincea = /(a,)? + (a,)’ 3)

From equation (2) and (3) get

a=a,=— (4)
P

. . ds d¥ d¥ ds : s
Snces=a*ﬁ=g*ﬁ=4’ﬁ (5)
Sincep = % (6)
05§ = p‘-i-’ )
From equation (4) and (7) get

_vi_ (¥ e

=7 o =p% )

The above equation indicates that acceleration is function of time to get the acceleration as
function of Sby the following:
Since s = 4asin'¥ 9)

By differentiating with respect to ¥, we can get

£ _ 4acos¥ (10)
dw

From equations (4), (6), (9)

vz Ve Ve e

a=— —_— (12)
|

P - 4acosW - [4ax 1—sin '-I-'] - ia il_(iﬁbz
. sa/
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3) A particle movesin a curve ( S= C tan y ), the direction of its acceleration at any point
makes equal angles with the tangent and the normal to the path if the speed at w=0 bev=u
show that the velocity and the acceleration at any other point are given by

u =5 5
v=ue? a=—e*¥cos?Wy

Solution

Since acceleration at any point makes equal angles with the tangent and the normal to the

path so

a, = a, )

Sos =" )
P

And § = vj—:’,p=:—;

So V< =d¥- 3)

So

= [av (@)

v

By integrating both side the following form can get

Inv=%+c (5)
Since y=0 bev=usoc=lnu

Inv=%¥+Inu (6)
Sov=ue? @
Sincea = ./(a,)* + (a,)* (8)

From equations (1) and (8) get:

Sincea =v2(a,) ©)
Wherea,, = % (10)
Sinces = ctan¥ (11)

By differentiating with respect to ¥, we can get

ds

T = € sec” ¥ (12)
. ds

Sincep = = (13)

Sop = csec® ¥ (14)
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From equations (7) and (14) get

F-L

u-e

csect ¥

Where a,, = = t—z eV cos? ¥ (15)

From equations (9) and (15) get
a= L,I_ e?¥ cos? ¥
V2ac

Page 5



4)Velocity of a moving point parallel to the axes of x and y are u+e¥ and v + e*

respectively; show that the path is a conic section

Solution
Since
L u+eY (1)
dt
dy . %
And L Vvte 2
Dividing equation (2) by equation (1) get:
dy  v+e®
E T u+e¥ (3)
Separating variables can get
(u+e¥)dy = (v+ e*)dx @)

By integrating both side the following form can get

(u+e¥) =(v+e¥)? +c The path is a conic section
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Chapter 2 - Projectieles

(1) If a any instant the velocity of the projectile be u and itsdirection of motion to the
horizonis o Then it will be moving at right angles to this direction after time
u/g* cosec a

Solution

A

Let the velocity at any point be v at an angle © to the horizon then
V cos© = ucosa

sn© = usna

an© =(usina -g*t)/(ucosa)
The angle between the two direction is (0-O)
The condition of moving at right anglesis
o-O =n/2 or O=0-n/2

hence

(-cota)=(usna—g*t)/ ucosu

=tan a-(g*t)/u cosu
So g*t/(cosa) = tana+ cot a
= (1+(tan a)"2)/ tan a.
= (sec )2 tan a
ug* seca/tana =t
ug* sna

Page 7



2- Three particles are ssmultaneously projected in the same vertical planefrom the same
point with velocities u, v, w at angles a ,f,y with the horizontal .
Show that the area of the triangle formed by the particles at any timet is proportional to
the square of the time elapsed from the instant of projection and that the three particles
will awaysliein the same straight line if

Sin(B-y)/ u+sin(y-a)/ v +sinfa—B)/w = 0

Solution :

If (x1,y1) ,(x2,y2) ,(x3,y3) bethe positions of the particles at time t then
X1= (ucosa)*t ,yl=(usina)*t-05* g*t"2
X2= (ucosB)*t ,y2=(usnp)*t-0.5* g*t"2
X3= (ucosy)*t y3 =(usiny) *t-0.5* g*t"2
Area of the triangle
=0.5*( x1(y2-y3) +x2(y3-yl) +x3(y1l-y2))
=0.5*(ucosa* tlvsnp—wsiny) *t +(vcosP * t(wsiny —u sna)*t +(w cosy*t)(
usina-vsinp)*t)
05t"2(uv(cosasinp-sinacosP)+vw(siny )+uw (Snoa cosSy—cosa Siny))
=CcosP —sinp cosy
=052 (uvsn(p-a) tvwsn(y—p) tuwsn (o —y))
So the area of thetriangle is proportional to the square of the time elapsed from the
instant of projection
If the particles are in straight line the area vanishes hence it is the result required
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3- A stone is projected with velocity u from a height h to hit apoint in the level at
the horizontal distance R from the point of the projection is given by

RA2(tana)*2-2u”2/g *Rtana+R”*2 -2hur2/g=0
Hence deduce that the maximum range on the level for this velocity is
((un4/ gh2) +(2hu”2/g)) ~05
Solution

The point (R, -h) ison

y= X tan a -0.5 (g x*2)/ (U2 *(cos a)"2)

=-h=Rtana -0.5 (g R*2)/ (U2 *(cosa)"2)

= Rtana -0.5 (g R2) *(1+(tan o)*2) / (U2

Or

RA2(tana)"2-2u*2/g *Rtana+R”"2 -2huw2/g=0 (1)
Rismaximum when (dR/da) =0

2RM2tana *(sec o)*2—-2 U2 /g* R(sec a) *2 =0
Giving

R=u"2/gcota ortana=u2/gR

SUBSTITUTING THISVALUE OFRIN (1) WE GET
R=((u4/ g*2) +(2hu”2/g)) ~0.5
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4- an enemys position on the hill h meters high is ar an angle of elevation of 3 . show that

the least velocity of projection to shell the enemys position ig(g h( 1 +cosec ))*0.5

Solution

Let u betheleast velocity

Range = h cosec 3

H cosec 3 should be the maximum range
h cosec f =u*2/g* (1+ sin B)
u2=hcosecf g (1+sinp)
u=(gh(1+cosec ))*0.5

which is wanted
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5- if the particle is projected at angle a to the horizon from the foot of an inclind plane whose
inclination to the horizonis B strikes the plane at right angles show that
Cot B = 2 tan(a-B)

Solution
th

Let u be the velocity of projection SR e

2 o [
Initial velocity along the plane K{: S ].——«[
=u cos (o —) h ¢ el ; .
Initial velocity normal to the plane i
=usin (o —P) W e ke
Acceleration due to gravity along the plane : //:; g = .
=gsinp ﬁ 2 b

- R e

Acceleration due to gravity normal the
plane u
=g cosf ff,,.,.-,ﬁ_‘“q
Let T bethetimeof flight to strike the \;8 M.

: H‘"\_ i
plane A ]‘; R ;1 s

For the motion normal to the plane, since

the net distance moved is zero we have

O=usin(a—p) T-05 gcosp T2

T=2 u(sin(o- B))/ (g cosp)

Now consider the motion along the plane since the particle strikes the plane at B
at right anglesto it the component of velocity along the planeisat B iszero
O=ucos(a—pB)-gsnp T

0= ucos(a—B)—gsnp * (2usin (a—P)/ gcosp)

28n(oa—p)tan p = cos(a — P)

CotB=2tan(a—B)
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6- Two particles are smultaneously projected in the same vertical plane from the same point
with velocitiesu and v at angles o and § with the horizontal show that

& the line joining them moves paralld to it self .

b- the time that elapses when their velocities are paralel is

uvsin(a— f)

g(vecosff —u cosa )
c- the time that elapses between their transists through the other common point is

2uvsin(a— f)
g(ucosa +vcosf)

Solution

let after time t the two particlesreach A and B having coordinate (x1,y1), (x2,y2)
for the particle A
yl=usnat-05g* t"2
and

xl=ucosat

for the particle B
y2=Vsngt—-05g* t"2

and

X2 =V cospt

AND THE SLOPE OF THE LINE
= (y2-y1)/(x1-x2)

—(usinat- 05g = t*) +(Vsinpt- 0.5g = t"2)
ucosot— Vcosft

u sin @ —vsin f§

= constant =
veos f-ucos a

So the dope is constant so the line joining them moves parallel to it self

b- Now consider the first particle . suppose its coordinates at any timet be (x,y) ,
we have

y=ushat-05g* t"2
and
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X=ucosat

dy/dt=usina —gtand dx/dt=ucosa

so dy / dx =( dy/dt)/( dx/ dt) =(u sin o —g t)/( u cos a)

but dy /dx represent the dope of direction at any time't

smilarly the slope of the second particle should be the same we have
=(usina—gt)/(ucosa)=(vsinp—gt)/(vcosp)
=(usina—gt(*(vcospP)=(vsnp-gt)*(ucosa)

So tg(vcosp-ucosa)=uv(snoacosPf-snpcosa)=uvsan(o-—_p)

u vsin(a—pg)

g(vcosf-ucosa
c- The equation of path of the first particleis
y =xtana— (gx"2) /(2 W*2( cosa)2)
the equation of path of the second particleis
y =xtanp — (g x*2) /(2 v*2( cos p)"2)
Corresponding to the point of intersection of the two paths we have
X tan a — (g x*2) /(2 u*2( cos a)"2)= x tan  — (g x"2) /(2 v*2( cos B)"2)
X(tan a—tan B) =g x*2 /2 *{1/ u*2( cosa)*2 -1/ v 2(cosP)*2 }
=g x 12*{(v"2(cosP)*2 - ur2( cosa)*2)/ (u™2( cosa)*2* v*2( cosP)"2 }
The x-coordinates of the point of intersection C

2(tana — tan 8) v? cos f? cosa®

X 5 5
g(vicosf?—u?cosa?)

Time taken by thefirst particle to reach ¢
Tl=x/ucosa

2(tana — tanf)v?cosf? u cosa

g(vicosp? —ucosa?)
Similarly time taken by the second particle to reach c¢
T2=x/v cosp

2(tana — tanf)u’cosa’ v cosf

g(vicosp? —u?cosa?)
The time that elapses between their transits through the common ¢

2uv(tana —tan f) cosa cos f§

g(vcosff +ucosa)
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Chapter 3 - Simple harmonic motion

(1) A point moving with S .H.M , has avelocity of 4 feet/sec when passing through the
center of its path , and its period is JI seconds ; what is its velocity when it has described

one foot from the position in which itsvelocity is zero?
Solution.

The velocity at the center: wa
The periodic time = 2r /w
Substitute 2 n /w = r and wa =4
Then, w =2 and a= 2 feet

The velocity at distance x from the centreis

\Y :W\/az—xzz 2\/4-x

X=1, V=2 V3 ft/sec

When
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2) A horizontal shelf moves vertically with S .H.M, whose complete period is one second.
Find the greatest amplitude in centimeters that it can have, so that object resting on the shelf
may always remain in contact with it.

Solution
The periodictime2n/w=1 w=2nxn
When the amplitude isa, then the maximum acceleration
W2a=4r’a
Then the least reaction R=m (g w?a)
Where g isthe acceleration of gravity.

The objects on the shelf may always remain in contact

WhenR =0
l.e.

A-wa>0
Or

a< o /W
l.e.

a< 8/ n?

And the periodic time

T=m\/ ml/A
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3) An elagtic string, to the middle point of which a particle is attached, is stretched to twice
its natural length and placed on a smooth horizontal table, and its ends are then displaced in

the direction of the string find the period of oscillation

Solution.

If it isthe natural length, A isthe modulus of elasticity.

If the particle is displaced a distance x then the equation of motion is

o _ A ) A
mx=- — (x+1-1/2)+ m(l x-1/2)
s 4

l,e mx=",, X

Or X=-wxX

2 n° /g (47.6875) = (11* 77) /( 21* 21)
Andthen g=981 cm/sec?
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4) A body is attached to one end of an inextensible string and the other end movesin a
vertical straight line with n complete oscillations per second . Show that the string will
not remain tight during the motion unless.

n“<g/(4n°a)

Where ais the amplitude of the motion.

Solution

The maximum acceleration of the upper and executing SH.M . isuaand its period is

T=n/lpn
Also
T=1/n
Hence
U=47nT°=4nn’

So that the maximum acc. =4 n°n’ a

The maximum acc . of the particle is g which is possible when the string is not tight hence
the string will not remain tight if the acc. Of the upper end is greater than g
I.e, the string will not remain tight unless

n’<gldn’a
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5) A particle mis attached to a light wife which is stretched tightly between tow fixed points
withatensonT.if a, b aredistances of the particle from the two ends, prove that the

period of asmall transverse oscillation of mis

mab
2”\/ T (a+b)
Solution

When the particle is dightly displaced at right anglesto AB and it isaposition P at timet
where OP = x, the tension T remains practically the same.

Sum of components of

Two t,salong po
- p
_ X [ X
_T\/ & +x° +T b?+x
& X <4
= T(x/a+ x/b) neglecting other terms.. A
Hence the equation of motionis B b 0 a

Mx =Tx(L/a+ I/b) =-T a+b/ ab x

T(a+h)
ie, x=  mab X

thisisaS.H.M of periodictime=/2r mab/t(atb) if thelength of the wire begiven ,i.e.,a
+ bisgiven, then time period is maximum when ab is maximum , i.e, whena=>b.
Hence for awire of given length the period islongest when the particle is attached to the

middle points.
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6) A heavy particle is attached at one points of a uniform light elastic , the ends of the string
are attached to two pointsin avertical line .show that the period of vertical oscillation in
which the string remainstaut is 2 |/ (mh/x ©t) , where A is the coefficient of elasticity of the

string and h the harmonic mean of the unscratched length or the two parts of the string .

Solution
O, B are the points where the ends are attached and A the points where the particleis
attached . let OA =a, AB=band let/i1,i2 benatura , lengths of these two portions.
Therefore in equilibrium

AMal)/ly =mg+ab-IL)/ 1, Q)
Let the particle be dightly displaced when it isat P where AP = x , the lengths of the two

portionsarea+ x , b—x and T1 and T2 be their tensions

T,=A-27X"4 T2=)_B=X%
4 0

Therefore the equation of motion is

mMx=mg+To+Ti=mg+i _D=X% .3 hatx-4
2 7

=My +1/1) =-Ax [(I+12) 1 (I214) ]
= - (2Mh) x
. Period = 2ny/mh/ 2\
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7) A tight elastic string of natural length | 'has one extremity fixed at a point A and the other
attached to a stone the weight of which in equilibrium , would extend the string to a length I;;
show that if the stone be dropped from rest a A it will come to instantaneous rest at a depth

\/W below the equilibrium position and this depth attained in time |/2_I/g +1;-1/g
[m—cos™/ (1= 1)/ (I+)]

Solution

Let P be the position of the particle at timet , where AP = x .

The equation of motion is

. A

mx=mg -T
=mg-i (x-1)/I /

In equilibrium position
B
A
X=0,X=1p T
» 0=mg-A (- 1)1

Hence mx = mg— (mg/(I1:- ).(x- 1) = - (mg/(I1- 1)) .(x- 11) P
e,
X = (g/(11) (x - 1)

Integrating this equation we get
Vi=(g/ (1= 1)) (x-1)% + ¢
Where c is constant
Now the smple harmonic motion begins when the particle has fallen freely through a

distance I1s0 that when x =1, v¥ = 2g |

2gli=(g/(-1) (-1) +c
c=2g9l;-g(-l)=g( +1y)
Hence
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V2= g(l-l)-(g /(-12)) (x - 1)?...(2)
The particle will come to rest when x =0

(- 1% = (14*1?)
l.e.

X-lq :\/(ITJZ), which isthe answer .
Timefor freefall isgiven by | = 1/2 g t?
e,

t=y217g
from (1) v2=g/(H) [(11*1 %) -(x-12)7]
time from B to the lowest point is given by

Ji-) 1
Ve i LT

X o1 -
snt_ X4

t= J- 2 2OI =
| [A™¢-(x- 4)7] 0%
Y

= sn1+ snt[(L-1)/ (1L +1)]
=2 +n/2—cos* [(Iy-1)/(y+D]=m-cos ™ [(y- 1)/ (L +1)]
Total time of fall

2TTg+/ (-1 /g [x-cos™[(L-1)1 (11 + D]
Further if the greatest depth below the centre be | cot 2 /2

We have
| cot20/2 =1, #1717
Or

12— 1%=1%cot*0/2 + 12— 211, cot? 0/2

L + cot % 0/2
lL=112  cot?0p2
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Hence

2 2
mg4 2mg cot” 6/2
A= 4-1 = (I-cotPorR)? = 1/2 mg tan 2 0

aso time of fall =

21 b4L-4 bL-1
g [1+ 2¢ (m-cos™ | 4+4)]
Now
| 4-¢ Cot® 0/2-1
2¢ =  2cot0/2 =cot 0
And
l/ h-t (Cot® 0 /2— 1)
L+l = 2cotf/2+1 =cCo0S0

Hencetime=21/g [l1 + (n- 0) cot 0]
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Chapter 4- Work & Energy

1) Find the work done by the force F=[ (6x*+2xy?)i + (2x?+5) j ] N. along
a) the line segment (0,0) to (1,3)
b) the part of the parabola y=6x2from (0,0) to (1,3)

Solution

a- the work done along the line segment (0,0) to (1,3)

13

W= ¢F.dr —13(6x + 2xy )dx+(2x y+5)dy dGX + 2xy )dx+de y+5)dy
0,0 0,0

3

W = J\Gx +2x(3x)? dx ngao y+5‘dy
X €

3
Temx®  18¢4 j,

§_+_

ST
§1_8 +5y=2+45+45+15= 26joule

b- the work done along the parabola y=6x2from (0,0) to (1,3)

13

W= ¢F.dr —13(6x + 2xy )dx+(2x y+5)dy ({GX + 2xy )dx+({2x y+5)dy
0,0 0,0

Bx? + 2x(3x2) %dx + ézg\/g Ty+ 5;dy
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2) If the coefficient of kinetic friction between the 100-kg crate and the plane is
pu=0.25, determine the speed of the crate at the instant the compression of the
springisx = 1.5 m. Initialy the spring is unstretched and the crateis at rest.

Solution

YH=0 N-100(9.81)cos 45°=0

N =693.67 N

Conservation of Enerqy:

(K +U1)=(Kz +Uy) Fap @) &

2mv? +mgh=2mv3 +{rng(h)+%ks2 + (nN)S}
0+100(9.8) (115 sin 45°) = 0.5(100) \2 + 0 + 0.5(2000)(1.5)% + 0.25(693.67) 11.5

v =8.63 m/sec
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3) The collar has a mass of 20 kg and rests on the smooth rod. Two springs are
attached to it and the ends of the rod as shown. Each spring has an uncompressed
length of 1 m. If the collar is displaced S=0.5 m and released from rest,
determine its velocity at the instant it returnsto the point S=0.

]

k"= 100N /m

Solution k= 50N/m

[ lm [ lm {
0.25m

Conservation of Enerqy:

(Ky+Uy)=(K; +U,)
W=z2098)H
5

%mv12+mgh+%klslz+%k2322:%m\/%+mgh+%klslz+%kzszz p -

0.5(20) \2 + 0 + 0 +0 = 0 + 0 +0.5(50)(0.5)? +0.5(100)(0.5)2

v =1.34 m/sec
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4) The vertical guide is smooth and the 5-kg collar is released from rest at A.
Determine the speed of the collar when it is at position C. The spring has an
unstretched length of 0.3m.

| 04 m |

Solution

Conservation of Energy: 03m k = 250 Nim

(Ka+Ua)=(Kc +Uc) -
%mV,ZA"‘mgh"‘%klsAz :%m\/cz +mgh+%klscz

0+ 0 + 0.5(250)(0.1)2 = 0.5(5)(vC)? -(5)9.8(0.3) + 0.5(250)(0.2)2

0.4 m
Ve =2.1 m/sec
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5) The 5-1b collar released from rest at A and travels along the frictionless guide.
Determine the speed of the collar when it strikes the stop B. The spring has an
unstretched length of 0.5 ft.

Solution

Conservation of Enerqy: p—

(Ka+Ua)=(Kc +U¢) 15t

0+ 0 + 0.5(4)(2)? = 0.5(5/32.2)(ve)? -(5) (2.5) + 0.5(4)(0.5)?

Ve =16 ft/sec
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6) Determine whether or not the given force F= [(4xy ) i + (2x?) ] +4 k] N is
conservative, if so find its potential function, then calculate the work done by this

force from point A= (2,4,-3)ym to B=(1,-2,1) m.

Solution
Sinceﬂz4x,ﬂ:4x andEZO,EZOand ﬂFy:o’ﬂFZ:O
Ty Tix 1z X 1z Ty

Therefore thisforce is conser vative.

To find the potential function u(r), U(r) =- oF .dr = - og(4xy)dx+ g‘zxz gdy + (4)dzg

work done from A to B = -[Us-Ux]

v u(a)=- igz(z)zm)w(-s)% CS:- [20+C]

\ U(B):-égé(l)z(-z)w(l)%cg:- C

Therefore, the work done from A to B =-20 joule
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7) Show that the force F =[(2 y+22%) i + (2x) j + (4x2) k] N is conservative, then

find its potential function, and calculate the work done by this force along the

1 2 3
Solution
SinceB:Z,ﬂzz andB:4z,E:4zandﬂ:0,E:O

Therefore thisforce is conser vative.

r® ® r

To find the potential function u(r), U(r)=- oF .dr =- 5?[(23’ + 2zz)dx+ (2x)dy + (4xz)dzJ

U-=- gZW + 2x2° )+ (2xy) + ?Xzz %

\ U :—géxy+2xzzg+ca

let point A lies on the curve at t=0 and point B at t=1
for point A (t=0) [ x=0,y=0,z=0]
and for point B (t=1) [x=1,y=2,z=3]

VU (A)=- Z20)0) + 2o)o) S cg=-C

2

\ U(B)=- Z2(1(2) + 2u)(a)* v o=~ [22+ C]

Therefore, work done from A to B = -[Us-Ua]= 22 joule
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8) Find the conservative force which has the potential function
u(x,y,2 = - (x*y z% + c; then find the work done by this force from point
A=(-1,-2,-1) to point B=(1,1,2).

Solution

® A ®u
Since F=- & g _J+g
;'ﬂxz y ‘ITZQJ [:]

® A ® ® ®u
\ F=-@a3x’yz* (x?'z2 j+ (2x3yz)kl'J

e B

Work done from A to B = -[Us-U4]

v u(a)=- g 13(-2)(- 1)2% ng -[2+C]

\ u(B)=- g(‘lf(l)(z)z% cgz -[a+C]

Therefore, the work done from A to B = 2 joule
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9) Find the conservative force which has the potential

ux,y,2) =- (xyz+2y) +c

Solution
® ®u
Since F—-eﬂ” g g
;'ﬂxz ‘ﬂy ‘ITZQJ H
\@F) _%Mg +aﬂT(XyZ+2y) @fﬁﬂ(xyz +2y)o kl;
; x g g g % {
® é ® ® ® U
\ F:-:yz)i+(xz+2)j+(xy)kl;|
e ¢!
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Chapter 5- Motion in vertical circle

1) A body, of mass m, is attached to a fixed point by a string of length 3 feet ; it is held
with the string horizontal and then let fall ; find its velocity when the string becomes

vertical, and also the tension of the string then.

Solution:
The equation of energy is
0.5mv2-mgsina =0 l.e. v2=2gasina

Also, the equation of motion in the direction PO is

V2/a=T/Im-gsna l.e. T/m=3gsna
Substitute for a= 3 ft, Wefind o =n/2
V =83 ft/sec. and T/Im=3g
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2) Find the velocity with which a particle must be projected along the interior of a
smooth vertical hoop of radius “r” from the lowest point in order that it may leave the
hoop at an angular distance of 30° from the vertical. Show that it will strike the hoop

again at an extremity of the horizontal diameter.

Show also that if velocity of projection be \E gr, the particle will leave the hoop and

return to the lowest point.
Solution:
The particle leaves the circle at an angle o from the upward drawn vertical where
Cosa = (1/3)(u2/gr — 2)

Hence
o = 300 x-"’(i) = 13 (u2/gr — 2)
u2=%gr(3 3+4)

snce

BOQ =300

BOD =900

I.e. D is at the extremity of the horizontal diameter.

Whereu2 =7/2 gr

Cosa=1/3(7/12-2)=1/2

a =600

BOQ = 600

Hence BOD = 1800

i.e. D coincideswith A.
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3) A particle is projected along the insgde of a smooth vertical circle of radiusr, from the

lowest point. Show that the velocity of projection so that after leaving the circle the

particle may pass through the center is \E ar (y’? + 1)

Solution:
The particle will leave the circle at some point Q at an angle a with the vertical with the
velocity v.
Where
V2= (u2-2gr)/3=grcosa

A cosa=1/3 (u2/gr-2)
With Q origin the center is the point (r sin a, -r cos a) and by the equation it lies on the
parabola

Y =X tan a -1/2 (gx2)/(v2 cos2a)
l.e. Y=xtana -1/2 (gx2)/(gr cos3a)
Hence
-rcoso =rsinatana-1/2 (r2 sin20)/(r cos3a)
.e.
(sin20./ cosa) + cosa = % (SN2 o /cos3 o)
Or
Tan2a =2
Sec20=3

Hence

Cos o :w‘r(%)
Therefore

V) =13 (u2lgr - 2)
u2 =gr (2+3)

u=V()(V3+ 1)
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4) A heavy particle hanging vertically from a fixed point by a light inextensible cord of
length ¢ is struck by a horizontal blow which imparts to it a velocity 2g(; prove that
the cord becomes slack when the particle has risen to a height 2/3 € above the fixed

point and find the highest point of the parabola subsequently described.

Solution:

The cord becomes slack at an angle o from the vertical where
_ 1 _1(4_,) 2
CDSD{_B(QI 2)_3(3'{ 2)_3
i.e. at aheight above the fixed (center of the circle) = [ cos o¢ = %E

the velocity at that pointis  v2= gl cos o = %g:‘

the greatest height above this point

2 4)
v’ sin®x . 551(1_§ _ L b5 5
2g 2g i g 27
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Chapter 6 - impact

1- Three equal balls are on straight line on a table and one of them moves towards the other
two which are at rest and not in contact, if e=1/2, find how many impactswill take place
and show that the ultimate speeds of the balls are in the ratios 13:15: 36.

Solution:
Let, the three ballsbe 1, 2 and 3, the velocity of ball 1 isus.
Before any collision:

) up Y Zero "\ zero

So, thefirst collision will be between ball 1 and 2.

Applying the law of conservation of momentum:

My + MU, = myvy +m,,

Therefore, u, + 0 =v, + v, )
Applying Newton experimental law:

L"l_'["z
Uqg=uUs>

= —e

vy TV,

B | b=

uy, — 0
(=0.5)u, = v, — v, )
Adding equations (1) and (2)

vi= 0.25u;

Substituting in equation (1) or (2) v,=0.75u;

Before the second collision:

i \ ;0.25u1 i Y ;O.?Sul i r ;zero

The velocity of the second ball after collision is greater than that of thefirst ball, so there

will be a second collision between ball 2 and 3.
Applying the law of conservation of momentum:

0.75u;+ 0= v, + v, 3
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Applying Newton experimental law:

Vg — Uy 1

075u, —0 2

(—0.375)u, = vy — v, 4
Adding equations (3) and (4)

V3= (3/16) u; ((velocity of ball 2)

Substituting in equation (3) or (4) v4= (9/16) u, (velocity of ball 3)

Before the third collision:

i ) ; Uy/4 ( f ;(3/16)u1 i ¢ ;(9/16)u1

The velocity of the third ball after collision is greater than that of the second ball, and the
velocity of thefirst ball is greater than the second one, so there will be another collision
between ball 1 and 2.

Applying the law of conservation of momentum:

0.25u; + (D)uy = v5 + 7, (5)

Applying Newton experimental law:

1‘5_1?6 _ E
ﬂ.ZEul—{'%}ul 2
(—1/32)w, = v5 — v, (6)

Adding equations (5) and (6)

vs= (13/64) u, (velocity of ball 1)

Substituting in equation (5) or (6) ve= (15/64) u, (velocity of ball 2)
After the third collision:

i 1 ; (13/64)u, ( 2 ;(15/64)u1 ( 3 ;(36/64)u1

The velocity of the second ball after collision is greater than that of thefirst ball, and the

velocity of thethird ball is greater than the second one, so there will be no more collisons,
and it is clear from the results that the ratio between the velocities of the three balls are
13:15:36.
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2-Three small spheres A,B and C whose masses are 8m,m and 7m are at rest on a straight
line where, AB=BC=a. The middle sphere B is projected toward C with velocity u.

Assuming all spheresto be perfectly elastic, find the times and positions of impacts.

Solution:

P P S S O S e S S S e S S S S ee

»

< » <

Thefirst collision will be between B and C:

Applying the law of conservation of momentum:

mu + 0 = my, + 7mv,

+ v, @
Applying Newton's experimental law:

U= vg

Vg — Up

—_—=

u—0

Since, e=1

Vg — U, = —U 2
Subtract both equations (2) from (1)

3

Ve = 13 u

From equation (2)vg = _8—6 u, which means that the second collison will be between B and

A.

The time at which the impact occur t;= a/u (the velocity is uniform)

12

P ed P e

< Ll | »

e ////////////////////////}///////////////
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Applying the law of conservation of momentum:
_6 .
m—u+0=mv g+ 8my,

-5 .
Tu=veT v,

Applying Newton's experimental law:

1"5' — Va
= —g
%ﬁu —0
Since, e=1
&
v B 1;_1 = E“
Subtract both equations (4) from (3)
—12 -2
Vg = u=-—u
8+9 12

)

(4)

From equation (4)v's = é u > v, which meansthat the third collision will be between B and

C.
2a ga

Thetime ball B consumed to reach to ball A t,= = -
8

The time measured from the initial position = t;+t,= 11a/3u

) 3u 3u 8a 8a
The distance covered by ball C:E xt, = —*— = —

< C >3u/12

12 3u 12
2u A B\ 7u/12

|
1 a

\ 4
A

Aal) Y

v

Applying the law of conservation of momentum:

7 3
m—u+7m-—u=mv g+ 7mv .
12

SuUu=v gt v,

Applying Newton's experimental law:

vVig—v ¢
7. _3 ¢
12'1( 12'1(
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Vig—v = : ] (6)

Subtract both equations (6) from (5)

w _ 4
vie= U

From equation (6)v"" 5 = 0 which means that there will be no more collisions.

Ba.
ZﬂHFJ 8a

u

The time covered by ball B to collidewith C=t3= 77 —3a = —
(L) v

. C e .. 35
The time of the third impact measured from the initial position= t;+t,+t;= Ta

The distance covered by ball B to collide with C= Z—z “ty = ; * % = %
The distance covered by ball A at this time= l—: fty = :—; " Qf - “lﬁf
2@ ®< C>4u/12

ARF-AR a a YYg/) Y

Note: In the last calculation of time (t3) the relative velocity of B with respect to C is used,
since the 2 ballsis moving so to get the time at which B reaches C the relative velocity
should be used (The relative velocity of B with respect to C isthe velocity of B asif Cisat
rest).
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3-Two balls of eladticity e, moving in parallel directionswith equal momentum impinge.

Prove that if their directions of motion be opposite, they will move after impact in parallel

directions with equal momentum. v
X

Solution:

Just before impact: Just after impact

Ba

Let, uy, U, be the velocities of ball 1 and 2 respectively before impact, v,, v, be their
velocities after impact and my, m; be their masses.

Applying the law of conservation of momentum in the x direction:

m,uycosa + m,(—u,cosa) = m,v,cosf + m,v,cosp @

Since, myu, = m,v, and uy, U, are parallel

From (1) 0 = m,v,cos8 + m,v,cosp

M v,€0s6 = —m,v,c05@ 2)

Since, the two balls are smooth, therefore there will be no friction between them at the
moment of impact, i.e. there will be no change in momentum in the y-direction
Therefore, —m,u,sina = m,v,siné (3)

And —M,U,Sina = m,v,sing 4)

Adding equations (3), (4) and using that m,u, =m,v,

Therefore, 0 = m,v,sinf + m,v,sing

m,v,sinf = —m,v,sing (5)

Dividing (2) and (5)

Therefore, tanf = tang which impliesthat & = ¢

From (5) or (2)

m,v; = m,v, |.€. Vyand Vv, areparalel and in the same direction, which means that the two

balls after impact move parallel to each other in the same direction.
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4- A smooth sphere of mass m travelling with velocity u impinges obliquely on a smooth
sphere of mass M at rest; itsoriginal line of motion makes an angle 6 with the line of
centers at the moment of impact. Show that the sphere of mass m will be reflected at right

(@aM=-m)

angleif tan*é =

(M+m)

Solution: Just before impact: Just after impact

\Y:]

Since ball B isat rest, therefore its velocity after impact will be parallel to the line of impact.
Applying the law of conservation of momentum in the x-direction:
mucosd + 0 = muycosp + Mvg @

Applying Newton's experimental law:

VACOSP — Vg _
ucosfd

Therefore, v, cosg — vy = —eucos (2

Multiply equation (2) by M and add to (1), gives:

(m — eM)ucosf = (m + M)v,cose 3

Since, the two balls are smooth i.e. there is no friction, therefore there will be no impact
perpendicular to the line of impact, so the components of the velocities perpendicular to the
line of impact are conserved.

For ball A:

usinf = v, sing (4)

If ball A isreflected through right anglei.e. ¢ =8 + 90.

From equation (3)
(m — eM)ucosf = (m + M)wv,sind (5)
From equation (4)
usin = —v,cosf (6)

Divide (5) and (6) gives:

(m —eM)coté = —(m + M)tanf Therefore, tan?g = 24—

{m+M)
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5- A smooth spherical ball of massm’ istied to a fixed point by a light inextensible string,
and another spherical ball of mass mimpinges directly on it with velocity u in a direction

making an acute angle a with the string. Prove that the velocity with which the tied ball

mil+elusing

beginsto moveis

m +msin®a

ESSSSSSSSN

Solution: Just after impact: At the moment of impact:

It isclear that ball B can move only perpendicular to the string; therefore there will be no
Impact in the direction of the string.

Also, since there is no friction between the two balls (smooth balls) this means that thereis
no change in momentum perpendicular to n-n so the impinged ball will move on the same
line after impact

Applying the law of conservation of momentum in the x-direction:

musina = muv,sina + m'vg (1)

Applying Newton's experimental law between the two balls:

vpsina—vy

- —e
{0—u)

vy = vgsina + eu (2
Substitute by (2) in (1)

musina = mvgsin®a + meusina + m'v; 3

o
_ mil+elusina
SV T —

—
mi+msin“a

Hence the prove
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6- Two equal balls moving with equal velocities collide simultaneoudy with an equal ball at
rest and with each other, their direction of motion being inclined at equal angle « to their

common tangent at the moment of impact. Prove that after impact their directionis

1-e*)(1+2sina)

- - glana . l:
inclined at an angle 2tan™* BT to each other, and that the fraction of the

original kinetic energy disappears at after impact, where e is the coefficient of restitution

between all the balls. v

Solution:

Just before impact: Just after impact:
A

Since the two balls A and B have the same mass and move with the same velocity and
collides with ball Cat the same time with the same angle, therefore ball C will move after
impact with a velocity parallel to the tangent of ball A and B i.e. the x-axis.

Also, because of the above the velocities of A and B after impact must be equal (va=vg) and
0=0).

To get the needed angle (20 or 2¢)

Apply the law of conservation of momentum in the x-direction:

2mucosa + 0 = mv, + 2my, cos@

v, = 2ucosa — 2v,cos@ 1)

Applying Newton's experimental law in direction n;-n;

v, cos(30 + @) — vcos30
ucos(30 — a) -

v, cos(30 + @) — v c0530 = —eucos (30— a)
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Ye ~ cos30 (eucos(30 — @) + v, cos(30 + @)

Ve = —— (eucos30cosa + eusin30sina + v, cos30cosp — v, sin30sing)

v, = (eucosa + “:—;a—{- v, COSQ —”-‘::% )
Subtract (2) from (1)

0 = (2u — eu)cosa — 3y, cosp — % +$ -

Apply Newton's Experimental law in direction y-direction

vy sing — (—vgsinf)

—using — Using
Since, v, = v;and 8 = o
Therefore, 2v, sing = 2eusina

v, = Susina (4)

sing

Substitute by (4) in (3)

. eusina eusina
0 = (2u— eu)cosa — 3eusinacote — -

1,"§ \."E
= (2u — eu)cosa — 3eusinacoty
_ (2-g)
cotg = oo cota (5)
3e
tang = tana
(2—e) Hence the prove

To get the fraction lost from the original kinetic energy after impact:
Get first ve:
Substitute by (4) in (1)

v, = 2ucosa — 2eusinacoty

Ve = 2ucosa(l — etanacoty) ©)
Substitute by (5) in (6)
v = 2ucnsa(1—?)=w -

Second kinetic energy before impact:
K,E.hfw,=2*%mu2 = mu® 8

Third kinetic energy after impact:

r ., 1 . 1
MUy T Mg +§”“’E

K'E'a_frﬁrz 2 2

Since, v, = v;
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Therefore, K.E. ., = my; +%mv§, 9)

Substitute by (4) and (7) in (9)

K. E.gyeqn = mai E: i:f;f;)z 2(1+ e): (cosa)’

K.E.opeer = mu? (e*(sina)?(1 + (cotp)®) + 21+ E}Z[:‘ (Si”“ﬂz))

K.E.qpeer = mu’ (e(sina)?(1 + (%mm)z) L2t 9}2(19— (sinajzj)

K. Boapeny = mai (e*(sing)? + E= (cosay? + 2L E}z(;_ (sina)?),

K. Beaperr = mu (3 (sina)? + E (1 = (sinayty 4 ZAH DA~ Gina)),
K.E.geo, = mu (€% (sina)® + Qa+e)+(2 -;'}2}(1 - (sim}zj)

K.E.qfrer = mu’ (% (sina)” + 32+ ‘”"2)(‘13— (Siﬂﬂ)z))

K.E.apeer = muz(g“":(“m)‘ +3(2+ e;) -3(2+ Ez)[ﬂ'na]z)

K.E.ppon = mus® ((ﬁez - a){sma;f +3(2+ .92))

KBy = i (E 112(31'“:)2 +@ted),

K.E.qpeqr = mus® (f=+ﬂ’ll—lf1—;’jlzqsm;.=j 0

The fraction lost:
K.E.joss — K.E.peforeK-E.qfter

11

K'E-befare K-E-befare ( )
Substitute by (8) and (10) in (11)

K.Eppe - (2+e?) —(1—e?)2(sina)?®
K'E‘bﬂfara - 3

K.E, _(1—e®)+(1-e?)2(sina)® (1—e*)(1+ 2(sina)’)
K'E‘ba_fars - 3 - 3

Hence the prove
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7- square table ABCD whose sideis ‘a’ hasraised edges, a particle of elasticity eis
projected from a point P on AB and hitsthe sides BC, CD, and DA at Q, R, and S. Prove
that PQ and RS are parallel. If a be the angle QPB and BP=x, prove that if the particle

returnsto P, x(1 — e) = a(1 — ecota).
D R, C

Solution: s

\ Q
\
3
A axP X B
< d >

For PQ to be parallél to SR, angle o must equal angle (n/2)-y, which can be easily proved
using the relation between the angles of incident and reflection of the particle due to impact.
Studying the impact at Q:

tana = etanfi @

Studying the impact at R:

tan (7 — B) = etany

cotfi = etany 2

From equation (1) and (2)

e

tana =

etany
Therefore, tana = coty = tan [; —¥) 3
Therefore, a = (n/2)-y Hence the prove

-Since, the particle returns again to point P so smilarly as above QR must be parallel to SP,
which implies that PQRS is a parallelogram.

Therefore, PQ=RS, and QR=SP

cota = —~ (4)

AS

tand =

()

a—x
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Since, PQ and RS are equal and parallel therefore, BQ=SD
From equation (5)

a—5D a—BQ

tand = = (6)

a—x a—x

Studying the impact at S

T
tan (;—}f} = etand

Therefore, coty = etand )
From (3) and (7)
tana = etand ®)

From (8), (6) and (4)

x
a— (=)
cote
tane =g ————
a—x
a—x
cota =

ea (=)

eacota —ex =a—x
Therefore, x(1 —e) = a(1 — ecota)

Hence the prove
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8- A smooth circular table is surrounded by a smooth rim whose interior surface is vertical.
Show that if a ball is projected along the table from a point on the rimin a direction
making an angle a with the radius through the point it will return to the point of projection

after:

—=___, and the ratio between the velocity by which it returns

Vi+a+a®

1) Two impactsif tana =

and the velocity of projection ise®2,
ii) Three impactsif tana = ¢*/*, and that the angle between the direction of projection and

the direction by which it returnsis 90°.

Solution:

In case of two impacts as shown:

Assume the ball is projected fro point A with velocity u and hits the rim of the table at B at
an angle of incidence a to the normal to the rim then it reflects with velocity v at an angle of
reflection B to hit the rim at C at an angle of incidence 3 then reflects with velocity w and
angle of reflection y as shown.

It isclear that for the ball to return again to point A (point of projection) after two impacts
the path of the ball must be atriangle.

For ABC to be atriangle the sum of its angle must be 180°.

(y+a)+(a+p)+ (B+y) =180

y+a+f =90

tana = tan(90 — (y + B)) = cot (¥ + B)

1-tanytanf

tana =~ 1)
Study the impact at B and C to get the relation between the angles:

Study the impact at B:

tana = etanfi 2
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Study the impact at C:
tanf = etany

From equation (2) and (3)
tana = e’tany

Substitute by equation (2) and (3) in (1)

_ fana tana

tana — el e e —(tana)®
— tana + tana — (e + e)tana
g* e

(e + e?)(tana)? = e® — (tana)?
3

. e
(tana)” = o7 en

Therefore, tana =

Vvite+e*

To get the ratio between the velocities:
Study the impact at B:

eucosa = vcosf

_ veosf

Study the impact at B:

evcosff = wcosy

_ #vcosf

cosy
From (6) and (7)

W e cosa

u cosy

From (5)

[ 1+s+s"
cosa@ = |—————
W 1tete” +o

From (5) and (4)

tany = gzfa” _ 1
4 Vide+es  Je(14ete )

Therefore _ | e(1tete®)
y COSY = -\‘Inf_‘l-r{--:f'-‘]

Substitute by (9) and (10) in (8)

9)

(10)
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(6)
(7)
)
V(li% o
e
o
V(1+et€)
J(e(y/a% \
Y
Ve(l+ete?)



W, 1+e+e? I'et'1+€—~e:}-1
—=¢? = 3
u 1\,!1"9*'9""5'314 e(l+e+e?)
w . e+tel+ei+1 .

—=e? |— ——- = e

u 1»‘!»:3'[1*»5'*—»&' +e?)

Hence the prove

In case of two impacts as shown:

Assume the ball is projected fro point A and hits the rim of the table at B, C and D to form
the angles shown in figure.

It isclear that for the ball to return again to point A (point of projection) after three impacts
the path of the ball must be aquadrilateral.

For ABCD to be a quadrilateral the sum of its angle must be 360°.
(+a)+(a+f)+(B+y)+(y+38) =360

§+y+a+p =180

tana =tan(180 — (6 +y + B)) = —tan (6 + ¥y + )

tand+tan (y+5)

—tane = 1—tanstan(y+£) (11)
tan(y + ) = o (12)
Study the impact at B, C and D to get the relation between the angles:
Study the impact at B:

tana = etanf (13)
Study the impact at C:

tanf = etany (14

Study the impact at D:
Page 51



tany = etand

From equation (13), (14) and (15)
tana = e tany

tana = e®tand

Substitute by equation (13) and (16) in (12)

fana  tana

_ TET L (e+e¥)tana
tﬂ‘n(‘}"' + ﬁ} - 1__n::;ma:a T e —(rana)®

Substitute by equation (18) and (17) into (11)

tana | (e+e*)tana

First, (tand + tan(y + f)) = —-+

e?=(rana)®

e° tana —(tana)®+e® (e+e” Jtana

(tand + tan(y + B)) =

a*(e* =(rana)®)

e® (1+e+e® Jtana—(tana)®

(tand +tan(y + ) =

g (g*—(tana)?)

rana {a+u=}rana:

Second, 1 — tandtan(y +f) = 1——;

N g° —(tanx)?
(e + &%) (tana)?

1—tandtan(y +f) =1 - e3(e® — (tana)?)

1 — tanbtan(y + B) = e®(e® — (tana)?) — (e + e*)(tana)?

ei(e? — (tana)?)

e =¥ +e 46" litana)®

1 — tanStan(y + f) =

e* (g =(rana)?)
Substitute by (19) and (20) in (11)
e’(1 + e + e*)tana — (tana)®

e® — (&® + e + e*)(tana)®

—ftana =

(16)
(17)

(18)

(19)

(20)

—eftana + (e® + e + e?)(tana)® —e?(1+ e + e*)tana + (tana)® =0

—ef+(e?+et+e)(tana) —e*(1+e+e?) +(tana)?* =0

—ef +(1+e’+et+e’)(tana)’ —e®(1+e+e’)=0

a’l_1+ g+e” +a° J 3

(tana)” = (1+e+et+5%)

Therefore, tana = e*/*

To get the angle between DA and AB:

tan(r:r+ 5} — tana+rand

1=-tanatans

Substitute by (17) into (22)
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Hence the prove

(22)

(15)



tan(g - ,5) = ﬂ
Tana

1-tana =

Substitute by (21) into (23)

; 22 g = i
e AT
tan(a+ ) = r i
-7

It isclear that tan(a + &) = co, which means that (a + &) =
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(24)

4

Hence the prove



